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j�~�¡Sj�~ �q~�s�x�wmj�~qw¦�Ssvk�j#oS~�sv�
rtx�{m�
r�¡Sj�k��w��Srt�trz�
x
rzy/~�y/k���¡S�z~��S~�n
�ik�sv�
rzoS~�j�{m�

K
�
�Sj���~��i��~/yqwmj�~(o-rts�x�j�~�w�y/~/�
x�~qw��vrtsvoCyqwmj�w�y�x�~�j
r�� wmx�{�oS~(k�l¥�Ssvy��
rz~

oS~¦¡Sj�k��w��Srt�trtx�wmx�~ 1 � {��
�Sj�{���wm�MoS~�sv�
rtx�wmx�~+3
pm(x|Θ)

�W¡�wmj�wm�¦~�x
j
r�� wmx�{�¡Sj
rts
Θm
�
m =

1, . . . ,K.
�Ww u�~�sv~�j�wmj�~qw �Ssv~�r�l¥k�j
�¦~%¡Sj
rt� w o�wmx�{ ��~ wm�z~�u�~ k ���Sj���{ y���¡Sj�k��w��Srt�tr�x�wmx�~qw

{w1, w2, . . . , wK}
o-rts�y/~��z~

K
�
�Sj���~ �
r`k�k�v��~�j
��wm�
rz~ u�~�sv~�j�wmx�{(oS~ ���Sj���w©j�~/�
¡4~/y�x
rt��{

y��(¡Sj�k��w��Srt�trtx�wmx�~qw
pm(x|Θm)

n 9 wmj
r�w��Srt��w wm�z~qwmx�k�wmj�~ oS~¤�vsSrtx�{ oS~%w�y/~qw��
x8�¦~/yqwmsSrz�
�,oS~
u�~�sv~�j�wmj�~�~/�
x�~Lyqwmj�w�y�x�~�j
r�� wmx�{ oS~L�Sj
� {mx�k�wmj�~qw l¥�Ssvy��
rz~ oS~L¡Sj�k��w��Srt�trtx�wmx�~

p(x|Θ(K)) =
K∑

m=1

wmpm(x|Θm)
1 ¢ n ¢:0 3

�SsvoS~d��~/yqwmj�~
pm(y|Θm)

��~ds��S�¦~/�
x�~ k¦y/k���¡4k�sv~�s�x�{�r�wmj

Θ(K) = {Θ1, Θ2, . . . ,ΘK , w1, w2, . . . , wK}.
1 ¢ n ¢-� 3

bd~�k�Srzy/~�rª��~�¡Sj�~/�
�S¡S�Ssv~%yq{-��x�k�wmx�~�y/k���¡4k�sv~�s�x�~���~�wm��l¥k�j
�¦~ l¥�Ssvy��
rzk�s�wm�z~�rzoS~�s�x
rzy/~���oS~
~��-~���¡S�t���
�Ssax^u«wm�v���
rz~�sv~�nLZ�k�x
j
rt��rtj�~qw �Ss��Srª�¦k«ov~¤��y�� ��r��ax
�Sj
rª��w �Ss ��~�xdoS~%k�v��~�j
��w |
�
rtr

X = {x1, x2, . . . , xn}
�ts���~qwm��s�{�~/�
x
rt� wmj�~qw�w�y/~��zk�j�¡�wmj�wm�¦~�x
j
r£�\yqwmj�~ oS~/��y�j
rt��y/~��

� wmr0¡4k�x
j
rt�artx¦ovwmx�~��z~�nO�`�?x�k�wmx�~§yq{ ��~ ¡4k�x¦y/k�sv��x
j
�Sr0��r��-x
�Sj
r�o-rts?� wmr����S�tx�~!x
rt¡S�Sj
r
oS~¦y/k���¡4k�sv~�s�x�~�� �zs�� w  
k�j
rtx�wmx�~qw§�trtx�~�j�wmx
�Sj
rtrioS~¦�
¡4~/y�r�wm�trtx�wmx�~ �
�vs�x�oS~/��y�j
rz��~¦��r��ax
�Sj
rt�z~
u«wm�v���
rz~�sv~ 1£�d����|f�Lwm�v���
r�wms§�(r��-x
�Sj�~L��k�oS~�� 3¤n

% s�y/k�s�x
rts���wmj�~ ¡Sj�~ �q~�s�x�{m� � wmr oS~�x�wm�tr�wmx��¦~�x�k�ovw©��r��-x
�Sj
rt�zk�j�u«wm�v���
rz~�sv~�n ��y/~qw��
x�{
�¦~�x�k�ov{ ~/�
x�~ �Sx
rt�tr�� wmx�{�wmx�'mx ¡4~�s�x
j
�?�¦k�oS~���wmj�~qw��«k�j �Srtx�k�j
rt�zk�j��zsFyqw��/�S���
rz�
x�~��¦~��zk�j�oS~
j�~/y��Ssvk�w��
x�~�j�~qw?�«k�j �Srtx�k�j
rt�zk�j�� ��6 � ¨:6 � -:--�<. 0 �y�'mx��
rL¡4~�s�x
j
�6~/�
x
rt� wmj�~qwRoS~�sv�
rtx�{m�
rt�zk�j
w���k�y�r�wmx�~ �
x�{mj
rt�tk�j#�Ss��SrY�¦k�oS~���� wmj ��k �©w���y��Ssv�qn
�i~��z~#� wmr �S�Ssv~#j�~ �/�S�tx�wmx�~��zs �«~�j
r���yqwmj�~qw ��k�j �Srtx�k�j
�S�t�Sr4¡Sj
rts �¦~�x�k�oS~^oS~�¡4~�svoS~�s�x�~8oS~

x�~��ax`��| wm� k�S�
rts��Sxiy�� �¦k�oS~��t�S�1�L�(��n���~�x�k�ovw ��| w oSk ��~/o-rtx�w8� �¦~�x�k�ovw���x�wmx
rz�
x
rzyq{ y/~qw
� wmr�j�k�S�v�
x�{$�zs w�y/~/�
xW��~�sv�qn % s%w�y/~/�
x�yqw��io-rz�
x
j
r��S�S�
r�w#��~/y�x�k�j
rt�zk�jª�
¡4~/y�x
j�wm�tra~��-x
j�w��
r�o-rts�x
j
|
�Ss���~���s�wm�Y�«k�yqwm���
¡4~/y�r���yL�Ss��Sr���k�j �Srtx�k�j^~/�
x�~L�¦k�oS~���wmx�{�¡Sj
rts�x
j�|}k¦��r��-x
�Sj�{ u«wm�v���
r�wms�{-n
�v�Ssvy��
r�w�oS~L¡Sj�k��w��Srt�trtx�wmx�~%w%�Ssv~�rY��r��-x
�Sj
rYu«wm�v���
rz~�sv~L¡S�Sx�~�� oS~¤�vsSrY¡Sj
rts

p(x|Θ(K)) =
K∑

i=1

wibi(x|Θi)
1 ¢ n ¢�¢ 3
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b1

b2 p(x|   )λ−

bK

()x Σ

()

−

()

��rtu��Sj�w ¢ n 6 h`��wm�zy��S�t�S�Yl¥�Ssvy��
rz~�r�oS~d¡Sj�k��w��Srt�trtx�wmx�~

�SsvoS~���~/yqwmj�~ x�~�j
�¦~�s
bi
~/�
x�~%k l �Ssvy��
rz~ u«wm�v���
r�wms�{ oS~

d
��wmj
r�w��Srt�z~ (

x ∈ Rd
) y�� ¡�wmj�w |

�¦~�x
j
r
Θi = (µi,Σi)

oS~dl¥k�j
� w
:

bi(x) =
1

(2π)d/2|Σi|1/2
e−

1
2
(x−µi)

T P

−1
i (x−µi)

1 ¢ n ¢�¨ 3

�SsvoS~
µi
�
r

Σi
j�~�¡Sj�~ �/rts�x�{ ��wm�zk�wmj�~qw �¦~�oSrt~���j�~/�
¡4~/y�x
rt�§� wmx
j
rzy/~qw oS~�y/k ��wmj
r�wmsS��{ w¦oS~�s-|

�
rtx�{m�
rtr�oS~ k�j�o-rts
i
n ��wm�zy��S�t�S�Yl �Ssvy��
rz~�rWoS~d¡Sj�k��w��Srt�trtx�wmx�~%w%��r��-x
�Sj
rtr�~/��x�~d¡Sj�~ �q~�s�x�wmx�{¦oS~

�vu��Sj�w ¢ n 6 n�Z�k�svoS~�j
rt�z~ ��wmx
rz��l£w�y8y/k�sv�
x
j�'msSu�~�j
rt�z~ ∑K
i=1wi = 1,

yqwmj�~du«wmj�wms�x�~qw�� { yq{ ¢ n ¢ -
~/�
x�~ k0l �Ss�y¤��rt~`oS~ oS~�sv�
rtx�wmx�~iw�oS~���{mj�wmx�{-n���wmx�j
rzy�~qw#oS~ y/k ��wmj
r�wmsS��{ ∑

i

¡4k�wmx�~��%y/k���¡S�z~�x�{
��wm��o-r�wmu�k�s�wm��{-n8Z�~�s�x
j
��w¦j�~/o-�vy/~�s��S� {mj
�S��¡�wmj�wm�¦~�x
j
rt�zk�jq�1��~ ¡4k�wmx�~��Sx
rt�tr�� w k �
rtsSu��Sj�{
� wmx
j
rzy/~§oS~§y/k ��wmj
r�wmsS��{�y/k����Ss�{ ¡4~�s�x
j
�Rx�k�wmx�~§y/k���¡4k�sv~�s�x�~��z~�oS~�sv��rtx�{m�
rtr£�`s��S��rtx�{��
r
� wmx
j
rzy/~�oS~(y/k ��wmj
r�wmsS��{Mu��zk��wm��{ 1¥yqwmj�~���w�j�'msvo-�S�d~�r^¡4k�wmx�~§�H�
r^o-r�wmu�k�s�wm��{

).
��y/~/�
x�~

y/k�sv�
x
j�'msSu�~�j
r4��~0�Sx
rt�tr��q~qw�� { ¡4~�s�x
j
� wL�trt��rtx�wLs��S� {mj
�S��¡�wmj�wm�¦~�x
j
rt�zk�ji�tr��4~�j
r�yqwmj�~�x
j�~ �S�Srz~
~/�
x
rt� wm�
r�o-rts�ovwmx�~��z~ oS~ wmsax
j�~�s�wmj�~�n �8�
x�l¥~��ªk ��r��-x
�Sj�{ u«wm�v���
r�wms�{ ~/�
x�~�¡�wmj�wm�¦~�x
j
r�� wmx�{
¡Sj
rts§�«~/y�x�k�j
r�oS~d�¦~/o-rz~��v� wmx
j
rzy�rWoS~Ly/k ��wmj
r�wmsS��{¦�
r1¡4k�svoS~�j
rt�z~ ��r��ax
�Sj
rtr£h

λ = {wi, µi, Σi} i = 1, . . . ,K.
1 ¢ n ¢ ¬�3

]��arz�
x�{§oSk���{§wq��wms�x�w  
~�� w  �k�j�~ wm�z~ wm¡S�trzyq{mj
rtr`�¦~�x�k�oS~�r��d��� �zs�wm¡v��rzyqwm�
rtrioS~��¦km|
oS~���wmj�~�wM�«k�j �Srtj
rtr£nEZ�j
rt���S��wq��wms�x�w   y/k�sv�
x�{ �zsP¡4k���r��vr��trtx�wmx�~qw?oS~�wMj�~¤¡vj�~ �/~�sax�w�¡Sj
rts
oS~�sv�
rtx�{m�
rt�z~ y/k���¡4k�sv~�s�x�~��zk�jLk �%�S�t�
rt�¦~%oS~%y���w���~ w�y��v�
x
rzy/~�n ��y/~/�
x�~�y���w���~ w�y��v�
x
rzy/~��«k�j
j�~�¡Sj�~ �q~�s�x�w�o-r�l¥~�j
rtx�~#y/k�s-�vu��Sj�wm�
rtr4oS~0x
j�w�y�x ��k�yqwm��yqwmj�~#�
�Ss�x\�Sx
rt�z~^wmx�'mx��zs yqwmj�w�y�x�~�j
r�� wmj�~qw
rzoS~�s�x
rtx�{m�
rtr#��k�j �Srtx�k�j
rt�zk�j y�'mx¦�
r�¡4~�s�x
j
�Oyqwmj�w�y�x�~�j
r�� wmj�~qw��SsSrtx�{m�
rt�zk�j oS~!�«k�j �Srtj�~�n?�`��w���w
w�y��v�
x
rzyq{�oS~ k�j�o-rts

i
��w��§j�~¤¡vj�~ �/~�sax�wmx�{�¡Sj
rts§�¦~/o-r�w

µi
�
r1� wmx
j
rzy/~qw¦oS~Ly/k ��wmj
r�wmsS��{

Σi
n

�^��oSk�rt�z~qw8wq��wms�x�w  Wwm���Sx
rt�tr�� {mj
rtra�¦~�x�k�oS~�rS~���x�~ k�v��~�j
��wm�
r�w^~���¡Srtj
rzyq{^yq{-��k^y/k����Srts�wm�
rz~
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�trtsSr�wmj�{ oS~ l¥�Ssvy��
rtr�oS~���w�� { u«wm�v���
rz~�sv~�¡4k�wmx�~�j�~�¡Sj�~ �q~�s�x�w k y���w���{¦��wmj
u«{ oS~�o-rz�
x
j
r��S�S�
rtr£n
�#s�w o-rts�x
j�~Lyqwmj�w�y�x�~�j
rz�
x
rzy�rt�z~�y/~��z~d� wmr�¡S�vx�~�j
sSrzy/~ wm�z~d�¦~�x�k�oS~�r�~/�
x�~dyqwm¡�w��Srt�trtx�wmx�~qw w�y/~/��|
x�~�r�w�oS~ w%l¥k�j
� w¦wm¡Sj�k��-rt� {mj
r�sv~�x�~/oS~L¡4~�s�x
j
�(oS~�sv�
rtx�{m�
rWwmj �Srtx
j�wmj�~�n

� ���+*�� !$����! ��!$��!�� ����� * &'�)� � � ����& ��& ��* ]��arz�
x�{ ���S�tx�~%x�~��SsSrzy�rª¡4~�s�x
j
��~/�
x
rt� wmj�~qw
¡�wmj�wm�¦~�x
j
rt�zk�j �¦k�oS~��t�S�t�Sr£n;�i~qw�� wmr�¡4k�¡S�S��wmj�{��¦~�x�k�ov{�j�{m� 'msv~(~/�
x
rt� wmj�~qw�y/k�s-l¥k�j��
y�j
rtx�~�j
rt�S�t�SrY¡Sj�k��w��Srt�trtx�{m�
rtrY� w �art�¦~ 1¥� w �art���S� �1r��«~��trt�vk�k�oa|}����3¤nvb 'msvo-�-|}��~dovwmx�~��z~LoS~
wms�x
j�~�s�wmj�~���k�Srz~/y�x
rt���S��~/�
x�~0oS~�wd~/�
x
rt� w8¡�wmj�wm�¦~�x
j
rtr��¦k�oS~��t�S�t�Sr ¢ n ¢ ¬v��w�o-rzyq{8u«{���rtj�~qw8¡�w |
j�wm�¦~�x
j
rt�zk�jLyqwmj�~�� w �-rt��r��q~qw�� { ¡vj�k��w��Srt�trtx�wmx�~qw!ovwmx�~��zk�jLoS~%wms�x
j�~�s�wmj�~�nLZ�j�k��w��Srt�trtx�w�x�~qw
�Ssv~�r���~/y���~�sS��~8oS~

n
�«~/y�x�k�j
r�oS~8wms�x
j�~�s�wmj�~

X = {x1,, x2, . . . , xn}
��~#¡4k�wmx�~8yqwm�zy��S��w�y��

l¥k�j
���S��w ¢ n ¢ - �zs§yqw��/�S� �zs�yqwmj�~ ovwmx�~��z~ ov~ wms�x
j�~�s�wmj�~����Ss�x�k�v��~�j
��wm�
rtrYrtsvoS~�¡4~�svoS~�s�x�~�n

p(X|λ) =
n∏

i=1

p(xi|λ)
1 ¢ n ¢ -�3

b8rts y/k�sv�
rzoS~�j�~�s�x�~�y/k���¡S�Sx�wm�
rzk�s�wm�z~�� �zs��zk�y%oS~ w yqwm�zy��S��w
p(X|λ)

����~%yqwm�ty��S�z~qw�� { �zk�u«w |
j
rtx
���S�Ww�y/~/�
x
�vrzw

logP (X|λ) =
n∑

i=1

log p(xi|λ).
1 ¢ n ¢:6 3

�#x
rt�tr�� 'msvo��¦~�x�k�ovw©���S�tx
rt¡S�trzyqwmx�k�j
rt�zk�j ��wmu�j�wmsSu�~��Yl¥�Ssvy��
r�w©y�j
rtx�~�j
rt��yqwmj�~�x
j�~ �S�Srz~�� w �-r�|
��r�� wmx�{�oS~��artsv~

J =
n∑

j=1

log p(xj |λ) − µ(
K∑

i=1

wi − 1),

�SsvoS~
µ
~/�
x�~#���S�tx
rt¡S�trzyqwmx�k�j
�v� ��wmu�j�wmsSu�~�n`��wm�zy��S� 'msvo!oS~�j
rt��wmx�~��z~^¡�wmj
�
r�wm�z~ ∂J

∂wi

� ∂J
∂µi

� ∂J
∂Σi�
rY~�u«wm� 'msvo-�-|£�z~�y��&�q~�j�kS�vk�S�
rtsv~��I�Sj
� {mx�k�wmj�~��z~ l¥k�j
���v�t~�h

wi =
1

n

n∑

j=1

qi(xj)
1 ¢ n ¢ .:3

µi =

∑n
j=1 qi(xj)xj∑n

j=1 qi(xj)

1 ¢ n ¢ /�3

Σi =

∑n
j=1 qi(xj)(xj − µi)(xj − µi)

T

∑n
j=1 qi(xj)

,
1 ¢ n ¢:7 3

�SsvoS~
qi(x) =

wibi(x)∑K
j=1wjbj(x)

1 ¢ n ¨:0 3

~/�
x�~d¡Sj�k��w��Srt�trtx�wmx�~ w wm¡4k��
x�~�j
rzk�j
r�w�y/k���¡4k�sv~�s�x�~�rWov~Lk�j�o-rts
i
n
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x1 x2 x3 x4 x5 x6 x7 x8

��rtu��Sj�w ¢ n=.ah\b8~�svovk�u�j�wm� {�j�~�¡Sj�~ �q~�s�x�'msvo�u�j
�S¡�wmj�~qw¦ovwmx�~��zk�j

�
	 � 	�� � � � 
 � � � � � � � ��� � �
	
% sRwm�tu�k�j
rtx
��rtr#oS~ u�j
�S¡�wmj�~©¡Sj�~ �q~�s�x�wm�
r$�zs�wmrts�x�~�� u�j
�v¡4~¤�z~§y�j�~qwmx�~©oS~§wm�tu�k�j
rtx
��r^wm�Fl¥k��
x
sv~�x�~/oS~���zs ��~�sv�
�S�-yq{8wm�tu�k�j
rtx
��rtrv~¤j�wm�%rtsvyqwm¡�w��Srt�trv��{#oS~�x�~/y�x�~ �q~0yqw��/�Sj
rt�z~ �zs yqwmj�~�wms��S��rtx�~
u�j
�S¡4~�~�j�wm�%l¥k�j
� wmx�~�o-rts�wm�tx�~��
� �Su�j
�S¡4~�nªgWk�x
�v�
r-~��-rz�
x�{#���S�t�
rt��rSoS~iovwmx�~ �zs yqwmj�~�ovwmx�~��z~
wm��k��
x
j
�vy�x
�Sj�{ rz~�j�wmj
�Srzyq{-�vu�j
�S¡4~��z~L�vrtsvo!l¥k�j
� wmx�~ o-rts�wm�tx�~ ��� �Su�j
�S¡4~�n

� rz~�j�wmj
�Srz~�oS~Ly���w���~L��~d¡4k�wmx�~�y/k�sv�
x
j
�Sr �zs�oSk���{ �¦k�o-�Sj
r � ¨:0 }h

•
wmu��zk��¦~�j�wmx
rt��|ª��~�¡4k�j
sv~/�
x�~^y�� y���w���~�l¥k�j
� wmx�~^o-rtsax
j�|£�Ss ��r�svu��Sj`k�Srz~/y�x��
r���~��Ssv~/��y
y���w���~��z~�wm¡Sj�k�¡Sr�wmx�~ ¡ 'ms�{���~Lk�S�
rtsv~ s��S� {mj
�S�WoS~Ly���w���~LoSk�j
rtx�~

•
o-rt��r��/rt�§|0rtsSrt�
r�wm��k�Srz~/y�x�~��z~%l�k�j
�¦~qw�� {!k �
rtsSu��Sj�{ y���w���{-��r�wmjLy���w���~��z~%�Ss��vrªsSrt��~�����~
k�S�
rts§¡Sj
rts�o-rt�ar�� wmj�~qw�y���w���~��zk�j#sSrt��~��t�S�t�SrY¡vj�~/y�~/oS~�sax

�-{!y�k�s��
rzoS~�j�{m�����S�t�
rt�¦~qw!oS~%¡S�Ssvy�x�~
X = {x1, x2, . . . , xn}

��rªk ¡�wmj
x
rt�
rzk�s�wmj�~ w
w�y/~/�
x�k�j%¡S�Ssvy�x�~ �zs

K
u�j
�S¡4~�n �a~¦¡4k�j
sv~/��x�~ y��

n
y���w���~��W��~/yqwmj�~ y/k�sS�
rts 'ms�o�~��Sw�y�x��Ss

¡S�Ssvy�x
Di = {xi}, i = 1, . . . n.
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x�¡S� �S�trzyqwmx�~ �zsRj�~���rz�
x�~
yqwmj�~%�
�vs�x8y�rtx
rtx�~ oS~�¡Sj�~qw ¡S�S�
rtsSrªrtsSu�rtsv~�j
r£nLbd~/��y�j
rz~�j�~qw!wm� {ms��SsS�
rtx�{©w w�y/~/��x�k�j8�¦k�oS~��z~
k u«{��
rt� �zs � � ¬v� ¢:6 � ¢:7 � ¨ /S�-¬ 0 �-¬ ¨ �S¬�¬v� 6 .-� 6 / }n

�
	 �
	� � � ��� ��� � � ��� � ���
� � � ��� � � � � �� ��� ��� � ��� � � � ����� � � � ��� � � � � � �
� � ��� �

�#s��¦k�oS~�����wmj �«k �(w���y��Ssv�dy�� k�v��~�j
��wm�
rtr�o-rz��y�j�~�x�~%~/��x�~�yqwmj�w�y�x�~�j
r�� wmx oS~��Sj
� {mx�k�wmj�~��z~
~��z~��¦~�s�x�~�h

N
|£s��S� {mj
�S� oS~��
x�{mj
rLw���y��Ss���~ wm�z~(�¦k�oS~��t�S�t�Sr£�8yqwmj�~ �zs;wms��S��rtx�~�wm¡S�trzyqwm�
rtrL�
�Ss�x

w���k�y�r�wmx�~ y�����~���sSr���yqwm�
rtr � �/rzy/~
;
�«k�� ~�x
rzy��v~�x�w(�
x�{mj
rt�z~ rtsvo-rt��rzo-��wm�z~ y��

{1, 2, ...N}
���
r

��k��$svk�x�w��
x�wmj�~qw ��w �¦k��¦~�s�x
�S�
t
y��
qt
n

M
|£s��S� {mj
�S��oS~��
rt���4k��t�Sj
rWo-rz�
x
rtsvy�x�~��4w�o-rzyq{¦o-rt�¦~�sv��r��vsv~qw wm��l£w��4~�x
�S�t�Sr�o-rz��y�j�~�x#u�~¤|

sv~�j�wmx#oS~L�¦k�oS~��
;
�«k�� svk�x�w��
rt���4k��t�Sj
rt�z~ rtsvo-rt��rzo-��wm�z~�w��
x�l�~��

: {v1, v2, ...vM}.

A = {aij}−
� wmx
j
rzy/~qw�¡Sj�k��w��Srt�trtx�{m�
rt�zk�j8oS~Lx
j�wms �/rt�
rz~ �zs�x
j�~ �
x�{mj
r£�S�SsvoS~

:

aij = P [qt+1 = j|qt = i], 1 ≤ i, j ≤ N
1 ¢ n ¨ .:3

% s§yqw��/�S����¡4~/y�rzwm�£��y�'msvo§��~L¡4k�wmx�~Lx
j�~/y/~�o-rts�k�j
rzy/~ �
x�wmj�~
�zs�k�j
rzy/~�wm�tx�{��
x�wmj�~
�zs�x
j�|£�Ss
�
rtsSu��Sj�¡�w�� 1¥yqw��/�S���¦k�oS~��t�S�t�SrW~�j
u�k�o-rzy

) aij > 0 ∀ i, j

B = {bj(k)}−
� wmx
j
rzy/~qw�¡Sj�k��w��Srt�trtx�{m�
rtr�oS~ ~���rz�
rz~�w �
rt���4k��t�Sj
rt�zk�jq���SsvoS~

:

bj(k) = P [ot = vk|qt = j], 1 ≤ k ≤M,
1 ¢ n ¨ /�3

oS~¤�vsv~/�
x�~�o-rz�
x
j
r��S�S�
r�w¦�
rt���4k��t�Sj
rt�zk�j��zs��
x�wmj�~qw
j,
y��

1 ≤ j ≤ N.
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π = {πi}−
o-rz�
x
j
r��S�S�
r�w¦�
x�{mj
rtrYrtsSrt�
r�wm�z~��S�SsvoS~

:

πi = P [q1 = i], 1 ≤ i ≤ N
1 ¢ n ¨:7 3

�a~%¡4k�wmx�~%�«~/oS~qw o-rts�oS~¤�vsSrt�
rtrt�z~¦oS~%� wmr��
�v�dyq{-�1k!�
¡4~/y�r���yqwm�
rz~�y/k���¡S�z~�x�{§w �¦k�oS~¤|
�t�S�t�Sr���wmj �«k �§w���y��Ssv�

λ
¡Sj�~/�
�S¡S�Ssv~�k �
x�w��Srt�trtj�~%w�¡�wmj�wm�¦~�x
j
rt�zk�j

N
�
r
M
�v¡Sj�~/y��S� �
r�w

y/~��zk�jdx
j�~�r���~�x
�Sj
rªoS~%¡Sj�k��w��Srt�trtx�{m�
r
A, B, π

n �#s��¦k�oS~�� �8�(� ��w¦� s�k�x�wmx �zs��¦k�o-�S�
�Sj
� {mx�k�j

:

λ = (A, B, π)
1 ¢ n ¬ 0 3
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 � � � � � � ����� ���
��	 ��� � � ��� ��� ��� � � � � �  � � ��� � ����� �

Z�~�s�x
j
� yqw��¦k�oS~��t�S�S��wmj �«k ��w���y��Ssv�W¡Sj�~ �q~�s�x�wmx �zs%��~/y��
rt�Ssv~qw8wms�x�~�j
rzk�wmj�{^��{���~ �Sx
rt�tr�� w��Srt�
�zs�wm¡S�trzyqwm�
rtr`j�~qwm�z~���x
j�~ �S�Srz~¦j�~ �qk��t��wmx�~¦x
j�~�r\¡Sj�k�S�z~��¦~ oS~ ��w�� {-n ��y/~/�
x�~�x
j�~�r\¡Sj�k�S�z~��¦~
�
�Ss�x��Sj
� {mx�k�wmj�~��z~

:

� n � ��� � & � � ! ��	$! & � �$��* * � b 'msvo-�-|}��~ ��~/y���~�sS��w§oS~¦k�v��~�j
��wm�
rtr O = (o1, o2, ...oT )�
r\�SsM�¦k�oS~��
λ = (A, B, π)

����{©��~ y/wm�zy��S�z~ �q~ �zs��¦k�o�~¤��y�rz~�s�x�¡Sj�k��w��Srt�trtx�wmx�~qw
��~/y��«~�sS��~�rYov~Lk�v��~�j
��wm�
rtr£�vy/k�svo-rt�
rzk�s�wmx�{ oS~L�¦k«ov~¤�£�

P (O|λ)
n

¢ n � ��� � & � � ! ���%���%� � *  �$��* * �+�%� 	��� ����*"��� � � �$� * � ���+* � ! &'� � b 'msvo-�-|}��~!��~/y¤|
��~�sS��w�oS~(k�v��~�j
��wm�
rtr

O = (o1, o2, ...oT ),
�
r#�SsC�¦k�oS~��

λ = (A,B, π)
�0��{���~

oS~�x�~�j
��rtsv~�w�y/~qw ��~/y��«~�sS��{ oS~%�
x�{mj
r
q = (q1, q2, ...qT )

�4yqwmj�~%w¦u�~�sv~�j�wmxd��~/y���~�sS��w
oS~Lk����~�j
��wm�
rtr�y��§¡Sj�k��w��Srt�trtx�wmx�~qw¦� w �-rt� {-n

¨ n � ��� � & � � ! !  �����  �$� * * � b 'msvo-�-|}��~���~/y���~�sS��wLoS~�k�v��~�j
��wm�
rtr O = (o1, o2, ...oT ),�
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x
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j
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λ =

(A,B, π)
w��
x�l�~�� �zsvy�'mx

P (O|λ)
��{���~L� w �art�§n
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!���� � � � � ¡4k�wmx�~(�;¡Sj
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��wm�
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rY��~L��w¦wm�z~�u�~�w�y/~����¦k�oS~��£��yqwmj�~�w%l¥�Sj
sSr�� wmx
¡Sj�k��w��Srt�trtx�wmx�~qw¦� w �-rt� {-n
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!���� � � ��� ~/��x�~¦k©¡Sj�k�S�z~�� { �zsMyqwmj�~ ��~��zsvy/~qwmj�yq{�oS~/��y/k�¡4~�j
rtj�~qw§¡Sj�k�y/~/�
�S�t�Sri�
x�km|��w��
x
rzy¦wm���¦k�oS~��t�S�t�Sr\¡Sj
rts�oS~�x�~�j
��rts�wmj�~qw©�
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rt�SsSrtr\y/k�j�~/y�x�~�oS~ �
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r£n�bd~�l�wm¡Sxq�Y~���x�~
l�k�wmj
x�~ u�j�~���oS~ u«{��
rtx w�y/~qw��
x�{(��~/y���~�sS��{�oS~ ��x�{mj
riw���w |£s��S��rtx�{(y/k�j�~/y�x�{-n�Z�~�sax
j
�?w©j�~¤|
�qk��t��w§w�y/~qw��
x�{©¡Sj�k�S�z~�� {�y�'mx�� wmr �Srtsv~¦¡4k��
r��Srt�£����~ l¥k��zk���~/��x�~��SsMy�j
rtx�~�j
rt��oS~¦k�¡Sx
rt� w |
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��j�~ �qk��t��wmj�~qw§w�y/~/�
x�~�r�¡Sj�k�S�z~��¦~
~/�
x�~ wm�tu�k�j
rtx
���S��9^rtx�~�j �Sr£n

� 
�!���� � � ��� ~/�
x�~%k ¡Sj�k�S�z~�� { �zs yqwmj�~%��~�oSk�j�~/�
x�~%k�¡Sx
rt��r�� wmj�~qw ¡�wmj�wm�¦~�x
j
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��wm�
rtr��Sx
rt�tr�� wmx�{(��w w  f�v�
x�wmj�~qw(¡�wmj�wm�¦~�x
j
rt�zk�j��¦k�oS~��t�S�t�Sr���~ s��S�¦~/�
x�~!��~/y��«~�sS��{
oS~%wms�x
j�~�s�wmj�~�ndZ�j�k�S�z~�� w©wms�x
j�~�s�{mj
rtr�~/�
x�~ l�k�wmj
x�~�rt��¡4k�j
x�wms�x�{ ¡4~�s�x
j
� y/~��z~�� wmrW���S�tx�~
wm¡S�trzyqwm�
rtrYwm�z~^�¦k�oS~��z~��zk�j0� wmj ��k � w���y��Ssv��~��aov~�k�wmj�~�y/~d¡4~�j
��rtx�~dw�ovwm¡Sx�wmj�~qw%k�¡Sx
rt� {%w�¡�w |
j�wm�¦~�x
j
rt�zk�j��¦k�oS~��t�S�t�Sr ��w!ovwmx�~��z~ oS~¦wms�x
j�~�s�wmj�~���¡Sj�r�s�j�~/~/�
x
rt� wmj�~qw�w�y/~/�
x�k�j�w-n �i~��\� wmr
y��Ssvk���y��Sx^wm�tu�k�j
rtx
� oS~Lj�~/~/�
x
rt� wmj�~�w%¡�wmj�wm�¦~�x
j
rt�zk�j8~/�
x�~�wm�tu�k�j
rtx
���S�W�0wm�S� | ��~��zy��Yn

�
	 ,
	 ��	'� � ��&'� �+* * � � ������ � ��� � &'��� ! �
bdk�j
rt� ��{ yqwm�zy¤�v�z{m� ¡Sj�k��w��Srt�trtx�wmx�~qw���~/y��«~�sS��~�r�oS~©k�v��~�j
��wm�
rtr£�

O = (o1, o2, ...oT )
�zs

�¦k�oS~��t�S�
λ = (A, B, π)

n���~¤x�k«o�w8y/~qw^� wmrS�
rt��¡S��{8~/�
x�~i��{^~�s��S�¦~�j�{m�Ux�k�wmx�~0��~/y���~�sS��~��z~
¡4k��
r��Srt�z~0oS~i�t�SsSu�rt�¦~

T
n � �S�
rtsv~��

NT ��~/y��«~�sS��~�oS~��t�SsSu�rt�¦~ T n��ik�sv��rzoS~�j�{m�T��~/y��«~�sS��w� �Swmx�{
:

q = (q1, q2, ..., qT )
1 ¢ n ¬ � 3

�SsvoS~
q1
~/�
x�~L�
x�wmj�~qw rtsSrt�
r�wm��{-n Z�j�k��w��Srt�trtx�w�x�~qw ��~/y���~�sS��~�r�oS~ k�v��~�j
��wm�
rtr

O
~/�
x�~

:

P (O|q, λ) =
T∏

t=1

P (ot|qt, λ)
1 ¢ n ¬ ¢ 3

�^� ¡Sj�~/�
�S¡S�v�#yq{�k�v��~�j
��wm�
rtrt�z~ �
�Ss�x�rtsvoS~�¡4~�svoS~�s�x�~���oS~/y�r
:

P (O|q, λ) = bq1(o1) · bq2(o2)...bqT
(oT )

1 ¢ n ¬ ¨ 3

Z�j�k��w��Srt�trtx�w�x�~qw ��~/y��«~�sS��~�r
q
~/�
x�~ ovwmx�{�oS~dl¥k�j
���S��w

:

P (q|λ) = πq1 · aq1q2 · aq2q3 ...aqT−1qT

1 ¢ n ¬�¬�3

Z�j�k��w��Srt�trtx�w�x�~qw yqw���~/y���~�sS��w
q
��{%j�~ �/�S�tx�~���~/y���~�sS��w�oS~ k�v��~�j
��wm�
rtr

O
~/�
x�~

:

P (O, q|λ) = P (O|q, λ) · P (q|λ)
1 ¢ n ¬%-�3

Z�j�k��w��Srt�trtx�w�x�~qw ��~/y��«~�sS��~�r�oS~Lk�v��~�j
��wm�
rtr
O
�zs§�¦k�oS~��t�S�Wovwmx#~/�
x�~

:

P (O|λ) =
∑

toate q

P (O|q, λ)P (q|λ) =

=
∑

q1,q2,...qT

πq1bq1(o1)aq1q2bq2(o2)...aqT−1qT
bqT

(oT )
1 ¢ n ¬ 6 3
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	 &��)�)� * � �  �#�tu�k�j
rtx
���S�Yl¥k�j 
0wmj�o
Zªw�� � n\c}sSrt�
r�wm�tr�� wmj�~

α1(i) = πibi(o1), 1 ≤ i ≤ N.
1 ¢ n ¬%/�3

Zªw�� ¢ n\c}svo-�vy��
rz~

αt+1(j) =

[
N∑

i=1

αt(i)aij

]
bj(ot+1), 1 ≤ t ≤ T − 1, 1 ≤ j ≤ N

1 ¢ n ¬ 7 3

Zªw�� ¨ n\gW~�j
��rts�wmj�~

P (O|λ) =
N∑

i=1

αT (i)
1 ¢ n8- 0 3

c s�x�~�j
¡Sj�~�x�wmj�~qw w�y/~/�
x�~¤rYl¥k�j
���S�z~ ~/�
x�~d�Sj
� {mx�k�wmj�~qw-h

•
c}sSrt�
r�wm��sv~�w��4{m� �zs��
x�wmj�~qw

q1
y�� ¡Sj�k��w��Srt�trtx�wmx�~ w

πq1

�
r���~%u�~�sv~�j�~qw�� {©�
rt���4k��t�S�
o1
y��§¡Sj�k��w��Srt�trtx�wmx�~qw

bq1(o1).

•
�a~(x
j�~/y/~��zs;�
x�wmj�~qw

q2
y��H¡Sj�k��w��Srt�trtx�wmx�~qw?oS~(x
j�wms ��rt�
rz~

aq1q2

�
rd��~(u�~�sv~�j�~qw�� {
�
rt���4k��t�S�

o2
y��©¡Sj�k��w��Srt�trtx�wmx�~qw

bq2(o2).

•
�0y/~/��xª¡Sj�k�y/~/�\��~0y/k�s�x
rts���{d¡ 'ms�{dy�'msvo¦��~`l£w�y/~irtsvy��t�v��rt��x
j�wms �/rt�
r�wLo-rts �
x�wmj�~qw

qT−1
�zs!�
x�wmj�~qw

qT
y�� ¡Sj�k��w��Srt�trtx�wmx�~qw

aqT−1qT

u�~�sv~�j�'msvo©�
rt���4k��t�S�
oT
y�� ¡Sj�k��w��Srt�trtx�w |

x�~qw
bqT

(oT ).

��wm�zy��S�t�S�1w�y/~/�
x�~�r�¡vj�k��w��Srt�trtx�{m�
r4¡Sj�~/�
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rt�
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αt(i) = P (o1o2...ot, qt = i|λ)
1 ¢ n ¬�.:3
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x�~ r��t�v��x
j�wmx �zs��vu��Sj�w ¢ n8/$1�w�3¤n��Wrtu��Sj�w�sv~©wmj�wmx�{�y��S� ��~ ¡4k�wmx�~

w  ��SsSu�~ o-rts��
x�wmj�~qw
i, 1 ≤ i ≤ N,
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�S�
t
� �zs��
x�wmj�~qw

j
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a2j

a1j

aNj

s j
.
.
.

t t+1

tα (i) αt+1(j)

1�w�3

.

.

.

.

.

.

1 2 3 T

3

N

1

2

ST
A

R
E

OBSERVATII, t

1 � 3

��rtu��Sj�w ¢ n8/-hWw�3 �a~/y���~�sS��~\oS~ k�¡4~�j�wm�
rtr«sv~/y/~/��wmj�~��zs �«~/oS~�j�~qw�yqwm�ty��S��{mj
rtr���wmj
r�w��Srt�z~�r
αt+1(j)

n
� 3�c}��¡S�z~��¦~�s�x�wmj�~qw yqwm�zy��S��{mj
rtr��t�Sr

αt(i)
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���

bd~/k�wmj�~/y/~
αt(i)

~/�
x�~^¡Sj�k��w��Srt�trtx�wmx�~qw ��~/y¤�«~�sS��~�r�oS~8k�v��~�j
��wm�
rtr
o1o2...ot

��w��¦k��¦~�s�x
�S�
t,�
rWy��(y/k�svo-rt�
r�w yqw¦��rz�
x�~����S�W��{%��~ �zs(�
x�wmj�~qw

i,
¡Sj�k�o-�v�
�S�

αt(i)aij
��w �(¡Sj�k��w��Srt�trtx�wmx�~qw

yqw©�
rz�
x�~����S���zs��¦k��¦~�s�x
�S�
t + 1

��{ ��~��zs���x�wmj�~qw
j.
% sv���S� 'msvo�w�y/~/��xL¡Sj�k�o-�v� ¡4~�s�x
j
�

x�k�wmx�~§��x�{mj
rt�z~©¡4k��
r��Srt�z~
i, 1 ≤ i ≤ N

j�~ �/�S�tx�{�¡Sj�k��w��Srt�trtx�wmx�~qwMoS~�w(� �zs?�¦k��¦~�s�x
�S�
t + 1

�zsR�
x�wmj�~qw
j.
b8�S¡�{�w�y/~/��x�¡�w�����~ �«~/oS~!yq{

αt+1(j)
��~!k�S�
rtsv~©¡Sj
rts �zsS���S�t�
rtj�~qw

��wm�zk�j
rtr�k�S�
rts��Sx�~8y��
bj(ot+1).

��wm�zy��S�z~��z~8o-rts l¥k�j
���S��w ¢ n ¬ 7 �
�Ss�x j�~�¡4~�x�wmx�~^¡4~�s�x
j
� x�k�wmx�~
�
x�{mj
rt�z~

j, 1 ≤ j ≤ N,
¡4~�s�x
j
���Ss

t
� �vwmxqn b^�v¡�{�w�y/~/~qw(��~ rtx�~�j�~qw�� {(¡4~�s�x
j
����~/yqwmj�~

t = 1, 2, ..., T − 1.
% s©¡�w��
�S� ¨ k�S�
rtsv~��

P (O|λ)
yqw ���S� w%��wmj
r�w��Srt�z~��zk�j

αT (i).bLw�yq{F~��Swm��rts�{m� y/k���¡S�z~��artx�wmx�~qw?yqwm�zy��S�t�S�t�Sr
αt(j), 1 ≤ t ≤ T, 1 ≤ j ≤ N,k�v��~�j
��{m�$yq{�sv~/y/~/�
rtx�{�wm¡Sj�k �art� wmx
rt�

N2T
yqwm�zy��S�z~�n\� wmr�¡Sj�~/y�rz���
�Ss�x�sv~/y/~/��wmj�~

N(N +

1)(T − 1) +N
���S�tx
rt¡S�trzyq{mj
rW��r

N(N − 1)(T − 1)
w�o-�Ss�{mj
r£ni�ik���¡�wmj�'msvo�y��§yqwm�zy¤�v�t~��z~

o-rtj�~/y�x�~���k�S�
rtsv~��Ij�wm¡4k�j
x
�S�£h

Cforma−directa

Cforward
=

2TNT

N2T
= 2NT−2 1 ¢ n8- � 3

Z\j�k�y/~/o-�Sj�w l�k�j 
�wmj�o§~/�
x�~ ��w�� wmx�{ ¡4~ �
x
j
�vy�x
�Sj�w�oS~L��wmx
rzy/~ o-rts©�vu��Sj�w ¢ n8/$1 � 3¤n

	 &��)� ��* � � ��&��  ! � ��* � � � �  !$��� � !$��� � �������%� � ��� �

% s©�¦k�o§�
rt��rt��wmj#y��§¡Sj�k�y/~/o-�Sj�w��zs�wmrts�x�~���oS~¤�vsSrt�I��wmj
r�w��Srt��w
βt(i)

oS~¤�vsSrtx#¡Sj
rts
:

βt(i) = P (ot+1ot+2...oT |qt = i, λ)
1 ¢ n8- ¢ 3

yqwmj�~^~/�
x�~�¡Sj�k��w��Srt�trtx�wmx�~qw�yqw �zs �¦k��¦~�s�x
�S�
t
��rz�
x�~����S����{8��~��zs �
x�wmj�~qw

i
�
r �zsvy/~�¡ 'msvo y��

w�y/~/�
x��¦k��¦~�s�x`��{8��~�k�S�
rts�{L��~/y��«~�sS��wdoS~0k�v��~�j
��wm�
rtr
ot+1ot+2...oT .

�^�tu�k�j
rtx
���S��oS~/��y¤j�rt�
~/�
x�~ ovwmx#oS~ 1�wm�tuvn .:3¤n
Z�w��
�S� � oS~¤�vsv~/�
x�~��zs �¦k�o wmj �Srtx
j�wmjq�ayqw

βT (i)
��{d��~

1
¡4~�s�x
j
� k�j
rzy/~

i
nªZªw��
�S� ¢ ~/�
x�~

rt�t�v�
x
j�wmx#��r �zs!�vu��Sj�w ¢ n 7 n
Zª~�s�x
j
�%w�yqwm�zy��S��w

βt(i)
¡4~�s�x
j
�

t
�
r
i
� �vwmxq� x
j�~ �S�Srz~ ��{ �zsv�
�S� {m�6¡Sj�k�o-�v��~��z~`k�S�
rts��Sx�~

o-rts§�Sj
� {mx�k�wmj�~��z~�¡Sj�k��w��Srt�trtx�{m�
r
:

•
¡Sj�k��w��Srt�trtx�wmx�~qw oS~Lx
j�wms �/rt�
rz~ oSr�s���x�wmj�~qw

i
�zs��
x�wmj�~qw

j (aij)

•
¡Sj�k��w��Srt�trtx�wmx�~qw¦oS~Lw k�S�
rtsv~Lk�v��~�j
��wm�
r�w

ot+1
��w��¦k��¦~�s�x
�S�

t+ 1
�S�
rz�
x�~����S���vrtsvo

�zs§��x�wmj�~qw
j (bj(ot+1))

•
¡Sj�k��w��Srt�trtx�wmx�~qw-�^yqw �zsvy/~�¡ 'msvoPy��P�¦k��¦~�s�x
�S�

t + 1
��{M��~(k�S�
rts�{���~/y��«~�sS��wMoS~

k�v��~�j
��wm�
rtr
ot+2ot+3...oT . (βt+1(j))
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	 &�� �)� * � � � �^�tu�k�j
rtx
���S����w�y���
�wmj�o
Zªw�� � n�c sSrt�
r�wm�tr�� wmj�~

βT (i) = 1, 1 ≤ i ≤ N
1 ¢ n8- ¨ 3

Zªw�� ¢ n�c svo-�vy��
rz~

βt(i) =
N∑

j=1

aijbj(ot+1)βt+1(j), t = T − 1, T − 2, ..., 1, 1 ≤ i ≤ N
1 ¢ n8-m¬�3

Zªw�� ¨ n�gW~�j
��rts�wmj�~

P (O|λ) =

N∑

i=1

πiβ1(i)bi(o1)
1 ¢ n8-:-�3

s i
.
.
.

s N

s 2

s 1

ai1
ai2

ai3

aiN

βt (i) βt+1 (j)
t t+1

��rtu��Sj�w ¢ n 7 h � ¡4~�j�wm�
rtr�sv~/y/~/��wmj�~L¡4~�s�x
j
�(yqwm�zy��S�t�S����wmj
r�w��Srt�z~�r
βt(i)
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[^~�¡4~�x�'msvo�yqwm�zy��S�z~��z~�¡4~�s�x
j
�
1 ≤ t ≤ T

�
r
1 ≤ i ≤ N

wm�tu�k�j
rt���v�W��w%��oS~ y/k���¡S�z~¤|
�-rtx�wmx�~

O(N2T )
n

��	 ,�	 �
	 � � ��& ��+*'� � �� � � � � ��� ��&'� � ! �
Z�~�s�x
j
�F¡Sj
rt� w�¡Sj�k�S�z~�� { wm� wq�a�Sx%��k��t�S�
rtr�~��vw�y�x�~�n % s�yqw��/�S�i¡Sj�k�S�z~��¦~�r ¢ ��w©��� wmr
o-r���y�rt����{§ov{m� k(��k��t�S�
rz~ ~��vw�y�x�{(o-rts�yqwm� � w�oS~¤�vsSrt�
rz~�r�oS~ ��~/y��«~�sS��{�k�¡Sx
rt� {�oS~ �
x�{mj
r£�
oS~/k�wmj�~/y/~§~��arz��x�{(� wmr����S�tx�~©y�j
rtx�~�j
rtr#oS~!k�¡Sx
rt� wm�trtx�wmx�~�nF�^sFy�j
rtx�~�j
rt�OoS~!k�¡Sx
rt� wm�trtx�wmx�~
wmj¦�P��{�wm�z~�u�~�� y/~qw�� wmr#¡Sj�k��w��Srt��{��
x�wmj�~§��w���~/yqwmj�~��¦k��¦~�s�x

t.
�0y/~/�
x y�j
rtx�~�j
rt�PoS~

k�¡Sx
rt� wm�trtx�wmx�~�� w �-rt��r��q~qw�� {¦s��S� {mj
�S�Wy/k�j�~/y�x^oS~ ��x�{mj
r£n Z�~�s�x
j
� w rt��¡S�z~��¦~�s�x�w w�y/~qw��
x�{
��k��t�S�
rz~��voS~¤�vsvr��I��wmj
r�w��Srt��w�oS~L¡Sj�k��w��Srt�trtx�wmx�~

γt(i) = P (qt = i|O, λ)
1 ¢ n8- 6 3

yqwmj�~�~/�
x�~�¡Sj�k��w��Srt�trtx�wmx�~qw oS~�w^� �zs¦�
x�wmj�~qw
i
��w8�¦k��¦~�s�x
�S�

t
�
rS¡Sj�k�o-�vy�'msvo¦��~/y���~�sS��w

oS~ k�v��~�j
��wm�
rtr
O
�zs§�¦k�oS~��t�S�

λ.
Z\�Sx�~��I~��-¡Sj
rt� w

γt(i)
�zs©�¦k�o-�S���Sj
� {mx�k�j

:

γt(i) = P (qt = i|O, λ)

=
P (O, qt = i|λ)

P (O|λ)

=
P (O, qt = i|λ)

∑N
i=1 P (O, qt = i|λ)

1 ¢ n8-�.:3

bd~/k�wmj�~/y/~
P (O, qt = i|λ)

~/�
x�~L~�u«wm��y��
αt(i)βt(i),

k�S�
rtsv~��
:

γt(i) =
αt(i)βt(i)∑N
i=1 αt(i)βt(i)

1 ¢ n8-:/�3

�^x
rt�tr�� 'msvo
γt(i)

¡S�Sx�~�� k�S�
rtsv~ l¥k�j
���S��w¦¡4~�s�x
j
���
x�wmj�~qw y/~/w¦� wmr�¡Sj�k��w��Srt��{ ��w��¦km|
�¦~�s�x
�S�

t
h

q∗t = arg min
1≤i≤N

[γt(i)], 1 ≤ t ≤ T.
1 ¢ n8- 7 3

]\y���wm�
r�w ¢ n8- 7 � w �art��r��q~qw�� {¦s��S� {mj
�S�W�
x�{mj
rt�zk�j^y/k�j�~/y�x�~���~��z~/y�x�'msvo��
x�wmj�~qw�y/~qw � wmrY¡Sj�km|
��w��Srt��{§¡4~�s�x
j
����~/yqwmj�~ �¦k��¦~�s�x

t.
gWk�x
�v�
r£����~/y��«~�sS��w�w��
x�l�~¤�`k�S�
rts��Sx�{§¡4k�wmx�~����
r\�Ss�w

rt��¡4k��
r��Srt��{-��oS~ ~��-~���¡S�t�%ovw�yq{#wq�«~��6¡Sj�k��w��Srt�trtx�{m�
r-oS~\x
j�wms �/rt�
rz~iy�����wm�zk�wmj�~qw 0
(aij = 0)¡4~�s�x
j
��k!wms��S��rtx�{ �
x�wmj�~

i.
� ¡4k��
r��Srt��{ ��k��t�S�
rz~�¡4~�s�x
j
� ¡Sj�k�S�z~�� w!oS~�� wmrª���v�8~/�
x�~%��{

�¦k�o-r���yq{m�Ky�j
rtx�~�j
rt�S��oS~�k�¡Sx
rt� wm�trtx�wmx�~^w��
x�l�~��£��zsvy�'mx\��{8yq{m�Sx�{m�T¡4~�j�~/y��Sr�oS~0�
x�{mj
rSy/k�j�~/y�x�~
��wm�©x�j
rt¡S�z~¤x�~ oS~ �
x�{mj
rYy/k�j�~/y�x�~�n bd~/�
r�w�y/~/�
x#y�j
rtx�~�j
rt�§¡4k�wmx�~L�(wm¡S�trzyqw��Srt��¡4~�s�x
j
�(wms��S��rtx�~
wm¡S�trzyqwm�
rtr£�ay�j
rtx�~�j
rt�S�4y/~���� wmr�oS~/��l�k��zk��
rtx ~/�
x�~#oS~#wLu«{��
r�k��
rtsSu��Sj�{ ��~/y��«~�sS��{ oS~��
x�{mj�r�yqwmj�~
� w �-rt��r��q~qw�� {

P (q|O, λ)
�«yqwmj�~#~/�
x�~#~/y��Srt��wm�z~�s�xiy��¦� w �-rt��r�� wmj�~qw

P (q,O|λ).
� x�~��SsSrzyq{
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	 &�� �)� * � � � �^�tu�k�j
rtx
���S���t�Sr�98rtx�~�j �Sr
Zªw�� � n�c sSrt�
r�wm�tr�� wmj�~

δ1(i) = πibi(o1), 1 ≤ i ≤ N
1 ¢ n 6�¢ 3

ψ1(i) = 0
1 ¢ n 6�¨ 3

Zªw�� ¢ n�c svo-�vy��
rz~

δt(j) = max
1≤i≤N

[δt−1(i)aij ]bj(ot), 2 ≤ t ≤ T, 1 ≤ j ≤ N
1 ¢ n 6 ¬�3

ψt(j) = arg max
1≤i≤N

[δt−1(i)aij ], 2 ≤ t ≤ T, 1 ≤ j ≤ N
1 ¢ n 6 -�3

Zªw�� ¨ n�gW~�j
��rts�wmj�~
P ∗ = max

1≤i≤N
[δT (i)]

1 ¢ n 6:6 3

q∗T = arg max
1≤i≤N

[δT (i)]
1 ¢ n 6 .:3

Zªw���¬vn�[^~/y/k�sv�
x
rtx
�Srtj�~�o-j
�S�

q∗t = ψt+1(q
∗
t+1), t = T − 1, T − 2, ..., 1

1 ¢ n 6 /�3

l¥k�j
� wm��{�¡4~�s�x
j
�©u«{��
rtj�~qw w�y/~/�
x�~�r1��~/y��«~�sS��~8~��-rz�
x�{-�-��~ ��w��q~qw��q{%¡4~8�¦~�x�k�ovw�¡Sj�k�u�j�wm� {mj
rtr
o-rts�wm��rzy/~��
rY��~ds��S�¦~/�
x�~�wm�tu�k�j
rtx
���S� 98rtx�~�j �Sr£n

	 &��)�)� * � � ��& � * ���%� ��*

Z�~�s�x
j
�@w�u«{��
rL��~/y��«~�sS��w�oS~ �
x�{mj
rLy/~qw�� wmrd¡4k�x
j
rt�artx�{-�
q = (q1q2...qT ),

¡4~�s�x
j
�
��~/y��«~�sS��w oS~ k�v��~�j
��wm�
rtr

O = (o1o2...oT ),
x
j�~ �S�Srz~���{ oS~¤�vsSrt� yqwms�x
rtx�wmx�~qw

δt(i) = max
q1q2...qt−1

P [q1q2...qt−1, qt = i, o1o2...ot|λ]
1 ¢ n 6:0 3

δt(i)
~/�
x�~�¡Sj�k��w��Srt�trtx�wmx�~ wL� w �-r�� {LoS~¤| wd�t�SsSu��S�v�Ss��Srv�
rtsSu��vj\o-j
�S�§����w8�¦k��¦~�s�x
�S�

t
�

oS~¤�vsSrtx�{�¡4~�s�x
j
�§¡Sj
rt�¦~��z~
t
k�v��~�j
��wm�
rtr£�Sx�~�j
��rts�wmx�{ �zs§�
x�wmj�~qw

i.
Z�j
rts�rtsvo-�vy��
rz~�k�S�
rtsv~��

δt+1(j) = [max
i

δt(i)aij ]ḃj(ot+1)
1 ¢ n 6-� 3

Z�~�s�x
j
��w u«{��
r w�y/~qw��
x�{©��~/y��«~�sS��{!oS~¦�
x�{mj
r£�1x�j�~ �S�Srz~¦��{ ¡�{��
x
j�{m� wmj
u��S�¦~�s�x
�S�`yqwmj�~
� w �art��r��q~qw�� { ~/y���wm�
r�w ¢ n 6-� ¡4~�s�x
j
�§��~/yqwmj�~

t
�
r
j
n�Zª~�s�x
j
��w�y�~/��x�w ��k��$�Sx
rt�tr��qw�x�w��S�zk��S�

ψt(j)
n �#�tu�k�j
rtx
���S�Wy/k���¡S�z~�x^~/�
x�~Lovwmx$�zs�1�wm�tuvn /�3¤n
g�j�~ �S�Srz~���{��¦~�sS�
rzk�s�{m� yq{�wm�tu�k�j
rtx
���S� 98rtx�~�j �Sr#~/�
x�~§w���~�� {ms�{mx�k�j y��Cwm��u�k�j�r�x����S�

l¥k�j 
�wmj�o 1¥y�� ~��Sy/~�¡S�
r�w ¡�w��
�S�t�Srª¬�3¤ndb8r�l¥~�j�~�sS��w � w  
k�j�{ ~/��x�~�� w �-rt��r�� wmj�~qw!o-rts ~/y���wm�
r�w
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	 &��)�)� * � ��� �#�tu�k�j
rtx
���S� 98r�x�~¤j!�Sr1�¦k�o-r���yqwmx
Zªw�� 0 n\Z�j�~�¡Sj�k�y/~/��wmj�~

π̃i = log(πi), 1 ≤ i ≤ N

b̃i(ot) = log[bi(oi)], 1 ≤ i ≤ N, 1 ≤ t ≤ T

ãij = log(aij) 1 ≤ i, j ≤ N
Zªw�� � n\c}sSrt�
r�wm�tr�� wmj�~

δ̃1(i) = log(δ1(i)) = π̃i + b̃i(o1), 1 ≤ i ≤ N

ψ1(i) = 0, 1 ≤ i ≤ N
Zªw�� ¢ n\[#~/y��Sj�~�sS��{

δ̃t(j) = log(δt(j)) = max
1≤i≤N

[
δ̃t−1(i) + ãij

]
+ b̃j(ot)

ψt(j) = arg max
1≤i≤N

[
δ̃t−1(i) + ãij

]
, 2 ≤ t ≤ T, 1 ≤ j ≤ N

Zªw�� ¨ n\gW~�j
��rts�wmj�~
P̃ ∗ = max

1≤i≤N
[δ̃T (i)]

q∗t = arg max
1≤i≤N

[δ̃T (i)]

Zªw���¬vn\[#~/y/k�sv�
x
rtx
�Srtj�~�o-j
�S�

q∗t = ψt+1(q
∗
t+1), t = T − 1, T − 2, ..., 1

¢ n 6 ¬v�vyqwmj�~
�zs�yqw��/�S�Wwm�tu�k�j
rtx
���S�t�Sr�l¥k�j 
0wmj�o§~/�
x�~Lk¦�
�S� {-n

� ! & �������! �+*�	���� � ������ * ��� &'��� � ���!$���%! ! &��)� ��* � � ��&'��* � * ������� *

��k�u«wmj
rtx
� 'msvo�¡�wmj�wm�¦~�x
j
rtr��¦k�oS~��t�S�t�Sr£�1wm�tu�k�j
rtx
���S� 9^rtx�~�j �Sr�¡Sj�~ �q~¤sax�wmx �zs(��~/y¤��r��vsv~qw
¡Sj�~/y/~/oS~�s�x�{¦¡4k�wmx�~d�§rt��¡S�z~��¦~�s�x�wmx#l£{mj�{%�Sx
rt�tr�� wmj�~qw¦k�¡4~�j�wm�
rz~�rWoS~
�zsS���S�t�
rtj�~ 1�wm�tuvn 7 3¤n

��	 ,�	 �
	 � � ��& ��+*'� � �� � � � � ��� ��&'� � ! �
]\��x
rt� wmj�~qw!¡�wmj�wm�¦~�x
j
rt�zk�j��¦k�oS~��t�S�t�Sr

λ = (A, B, π)
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j
�
hi
n�e8k�x�'msvo y��

φ(hi)
y���w���w oS~
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1 ¢ n ��0 ¬�3

�SsvoS~
c()
j�~�¡Sj�~��/rts�x�{�l¥j�~/y��«~�sS��w¦oS~%wm¡�wmj
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j�~�¡Sj�~ �/rts�x�{%l¥j�~/y��«~¤sv��w�j�~���wmx
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x�~8���S�tx�~dx
j
rt¡S�z~�x�~
w1w2w3

s��§wm¡�wmj0sSrzy�r �zs©yqw��/�S�1x�~��ax�~��zk�j�oS~
wms�x
j�~�s�wmj�~�oS~ o-rt�¦~�sv�
rt�SsSr��Sj
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d[i, j] = min





d[i− 1, j] + 1 (stergere)

d[i− 1, j − 1] (potrivire)

d[i− 1, j − 1] + 1 (substituire)

d[i, j − 1] + 1 (inserare)
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A = (a1, a2, . . . , ai)�
r

B = (b1, b2, . . . bj).
]�j�k�wmj�~qw#x�k�x�wm��{^w�y��S���S��wmx�{#¡4~�s�x
j
�%�
rtj
�Sj
rt�z~

A = (a1, a2, . . . , an)�
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��w �
d[n,m]

nibLw�yq{¦oSk�j
rt� ��{�yqwm�zy��S��{m� ��~�¡�wmj�wmx#s��S� {mj
�S��oS~
rtsv��~�j�{mj
r£�a�
x�~�j
u�~�j
r4�
r��
� �v�
x
rtx
�Srtj
r£����wLx
j�~ �S�Sr4��{L�Sx
rt�tr�� {m� �zsvyq{ �Ss x�w��4~���w  f�Sx�{mx�k�j`¡4~�s�x
j
�
w%j�~��
rtsv~ x
rt¡S�S��~�j�k�j
rtrY��w%��~/yqwmj�~

d[i, j].
�8�
x�l¥~��£�Sovw�yq{ svk�x�{m�

b[i, j] =





1 stergere

2 inserare

3 potrivire

4 substituire
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Clasificare OASIS  31 − Modele: GMM 16 − Rata de recunoastere: 92.75%
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x�~qw-n ] �-~���¡S�t�Yh

�a~/y��«~�sS��{¦oS~8l�k�sv~��¦~L��w%rts�x
j�wmj�~�h������������

�a~/y��«~�sS��{¦oS~8l�k�sv~��¦~ oS~/y/k�ovwmx�{§h������������ � �

b8�S¡�{�y/k�� w���wmj�~ h������������

g�w��4~��t�S� ¢ /¦¡Sj�~ �/rts�x�{ ~�j�k�wmj�~qw ��w�sSrt�«~��WoS~�y��S��rts�x�~�k�S�
rts��Sx�{ ¡4~�s�x
j
����~�x
�S��oS~ x�~/��xq�
yqwmj�~(y/k�sS�
rtsv~ ¨-�q¢ y��S�arts�x�~�j�k��
x
rtx�~(oS~�yq{mx
j�~ 6 �«k�j �Srtx�k�j
r8o-r�l�~�j
rt�
r£n=g�w��4~��t�S�^¡Sj�~ �/rts�x�{
j�~ �/�S�tx�wmx�~��z~ y����
rYl£{mj�{ y/k�� w���wmj�~qw¦l�k�sv~��¦~��zk�jdoS~�x
rt¡(�trtsSrz�
x�~�n 9 k�yqw��S�S��wmj
�S�ªy/k�sS�
rtsv~ ¨ ¬
oS~^y��S�arts�x�~��-y/wmj�~#j�~�¡Sj�~ �/rts�x�{%oS~�l£wm¡Sx ¢:6 oS~8y��S��rts�x�~��-y�'mx�~���w�y��S��rtsax�~8w�o-��rtxi� wmr4���S�tx�~
¡Sj�k�s��SsS�
rtrYl�k�sv~�x
rzy/~�n
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Secventa de vectori 

Semnal vocal

acustici

Cuvant recunoscut

Secventa de foneme

Decodare−Algoritmul Viterbi

Extragere vectori acustici

(cautare in trie)
Cautare in vocabular

Postprocesare

��rtu��Sj�w .an ¨ h\[#~/y��Ssvk�w��
x�~�j�~qw¦y��S�arts�x�~��zk�j#y��§�¦k�oS~��z~�oS~8l�k�sv~��¦~

g�rt¡©j�~/y��Ssvk�w���x�~�j�~ b8] � cfe
� �a�8�$�ag [^]`�8n
� � |
e8]\��]

� � [^[�n [^]`�8n
����|
9dcfe^g0]

l�{mj�{ ¡4k��
x
¡Sj�k�y/~/��wmj�~ ¢ n ¨ . � ��� n ¢ . � 6 n 0:0�� / 0 n ¨ - � 7-� n 6�¢�� /m¬vn 6�¢��
y��§¡4k��
x
¡Sj�k�y/~/��wmj�~ ¢ n ¬ 6�� .an 6 ¬ � --n8- ¢�� /m¬vn ¨:6�� 7�¢ n 0-� � / 6 n8-m¬ �

g�w��4~����v� ¢ /-h\[#~/y��Ssvk�w���x�~�j�~ y��S�arts�x�~d| � � �ac � ¢:6 oS~ y��S�ar�sax�~d|
β = 20
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% s�w�y/~/�
x�yqwm¡Srtx�k���wm�Q¡Sj�~ �q~�s�x�wmx�j�~ �/�S�tx�wmx�~�~��-¡4~¤j�r��¦~�sax�wm�z~�¡4~�s�x�j
��j�~/y��Ssvk�w��
x�~�j�~qwLy��S��rts-|
x�~��zk�j\j�k��
x
rtx�~0r��qk���wmxqn ���Ss�x\¡Sj�~ �q~�s�x�wmx�~#oSk���{dj�'msvoS�Sj
r�oS~�~��a¡4~�j
rt�¦~�s�x�~���¡Sj
rt���S�vrts�x
j�k�o-�-|
y�'msvo��¦k�oS~��z~��z~¦�L�(� ¡4~�s�x
j
� �¦k�oS~���wmj�~qw!y�r�l¥j�~��zk�jqnLZ�~�s�x
j
���Ss��«k�yqw��S�S��wmjLy/k�sS�
rts 'msvo
oSk�wmj ��0 y��S�arts�x�~��¦k«ov~¤�z~��z~��d��� wm�§l�k��
x^w�oS~/y���wmx�~�n���k��zk��
rtsvo ��6 y/k���¡4k�sv~�s�x�~�u«wm�v��|
�
rz~�sv~���wm�Ik�S�
rts��Sx#j�wmx�w�oS~dj�~/y��Ssvk�w��
x�~¤j�~ ��0:0�� n\Z�~�s�x
j
���Ss§�«k�y/w��v�S��wmj#y��§� wmrY���S�tx�~
y��S�arts�x�~ �
rYy��S�arts�x�~L� wmr��
rt��rt��wmj�~���w�y/~/�
x��¦k�oS~��Ys��(wmj0�§¡4k�x
j
rt�artxqn
Z�wmj
x�~qw�w�oSk���w�w�yqwm¡Srtx�k��t�S�t�Sr��Sx
rt�tr��q~qw�� {�y��Ssvk��
�
rtsS��~��z~!oSk� 'msvo-rtx�~ ��w§j�~/y��Ssvk�w��
x�~¤|

j�~qw l�k�sv~��¦~��zk�j��
r�¡Sj�~ �/rts�x�{��
rz�
x�~����S� oS~�j�~/y��Ssvk�w��
x�~�j�~qw�y��S�arts�x�~��zk�j�r��qk��zwmx�~ ��w��qwmx�{!¡4~
l�k�sv~��¦~�n§e^k��Sx�wmx�~qw§l�wm��{§ov~¦j�~/y��Ssvk�w��
x�~�j�~qw�l¥k�sv~��¦~��zk�j ~/�
x�~���yq{�~/�
x�~¦sv~/y/~/��wmj�{�rts�x
j�km|
o-�vy/~�j�~qw!�¦k�oS~���{mj
rtr ��k�yqw��S�S��wmj
�S�t�Sr£n�e8k�r wm� k�¡Sx�wmxL¡4~�s�x
j
���¦k�oS~��t�S�\� wmr\~¤��y�rz~�s�x�o-rts
¡S�Ssvy�x`oS~��«~/oS~�j�~#wm���
¡�wm�
rt�S�t�Sr�oS~��¦~��¦k�j
rz~��a�
r�wm�T�Sx
rt�tr�� wmx �Ss¦��k�yqw��S�S��wmj`�
� ��l¥k�j
� {LoS~
wmj �4k�j�~�n\[8wmx�w�oS~8j�~/y��Ssvk�w��
x�~�j�~ w%y��S��rts�x�~��zk�jq�-l�{mj�{�rts�x
j�k�o-�vy/~�j�~qw ��rt����wm f�S�t�SrYoS~8�¦k�oS~��
~/�
x�~ oS~ /m¬vn 6�¢�� n��i��rts�x
j�k�o-�vy/~�j�~qw y��Ssvk��
�
rtsS��~��zk�j%l�k�sv~�x
rzy/~!w�y/~/�
x�j�~��/�S��wmx�wmx ¡4k�wmx�~ �
�z���S�Ss�{mx�{m�
rtxqn e^k�r�wm��wm¡S�trzyqwmx0k���rt��¡S��{ ¡4k��
x
¡Sj�k�y/~/��wmj�~8¡4~�s�x
j
�!y/k�� w���wmj�~qw�~�j�k�j
rt�zk�j�oS~
x
rt¡�rtsv��~�j�wmj�~���y/~�~qw y/~ w y�j�~/��y��SxdoS~f 
w y�� ¢�� j�wmx�w oS~�j�~/y��Ssvk�w���x�~�j�~��4j�~/o-�vy�'msvoa|}��~�� wmr
wm�z~/�#~�j�k�j
rt�z~ oS~Lx
rt¡§rtsv��~�j�wmj�~�n
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% sOw�y/~qw��
x�{��t�vy�j�wmj�~�wm� ¡Sj�~ �q~�s�x�wmx �
x
j
�vy�x
�Sj�w u�~�sv~�j�wm��{�w���rt��x�~��¦~��zk�j¦oS~!j�~/y��Ssvk�w��
x�~¤|
j�~qw(�«k�j �Srtx�k�j
�S�t�Sr��
rij�~/y��Ssvk�w��
x�~�j�~qw �«k�j �Srtj
rtr0y/k�s�x
rts��v~�n % s?w�y/~/��x���y/k�¡?wm� j�~qwm�tr�� wmx¦k
wm¡S�trzyqwm�
rz~%y��(�Sj
� {mx�k�wmj�~��z~%�¦k�o-�S�z~��4yqwmj�~%��~ ¡4k�wmx�~��vx
rt��r�� w wmx�'mx^¡4~�s�x
j��(j�~/y��Ssvk�w��
x�~�j�~qw
��k�j �vr�x�k�j
�S�t�SrWy 'mx#��r���w j�~/y��Ssvk�w��
x�~�j�~qw¦��k�j �Srtj
rtr£h

•
�¦k«oS�S�Y¡4~�s�x
j
�(~ �-x
j�wmu�~�j�~qw���~/y�x�k�j
rt�zk�j8w�y��v�
x
rzy�r 1¥�����0�8� �YZ`�0�43

•
�¦k«oS�S��¡4~�s�x
j
��x�~��SsSrzy�r oS~ u�j
�S¡�wmj�~¦y/k�sS�
rts 'msvo�x�~��Ssvrty�rt�z~�h ��|£�¦~qwmsv�q�Yy���wms�x
r�� wmj�~
��~/y�x�k�j
r�wm��{ �Srts�wmj�{ rz~�j�wmj
�Srzyq{-� ��9<;%���d���

•
�¦k«oS�S�Y¡4~�s�x
j
���¦k«ov~¤�z~�� wmj ��k �©w���y��Ssv��~ o-rz��y�j�~�x�~ 1 �8�(� o-rz��y�j�~�x 3

•
�¦k«oS�S�Y¡4~�s�x
j
��j�~�¡Sj�~ �q~¤sax�wmj�~qw��z~��-rzy/k�s��S�t�Sr

•
�¦k«oS�S�Y¡4~�s�x
j
��x�~��SsSrzy�r�oS~ oS~/y/k�ovwmj�~

��~�sS�
rzk�s�{m�Uyq{-�mx�k�wmx�~�y/k���¡4k�sv~�s�x�~��z~�w�y/~/�
x
�Sr-�
rz��x�~��7�
�Ss�x�rtsvoS~�¡4~�svoS~�s�x�~0oS~ �trt����w-�
yqwmj�~�x
j�~ �S�Srz~#j�~/y��Ssvk���y��Sx�{-n�] �-¡4~�j
rt�¦~�s�x�~��z~dwm�¦l�k��
x�l£{�y��Sx�~�¡4~�s�x
j
� oSk���{ ��w��q~^oS~#ovwmx�~��
�Ss�w ¡4~�s�x
j
� �trt����w�~�sSu��z~ � {�g0c ��cfgO�
r��Ss�w ¡4~�s�x
j
� �trt����w�� wmu��Sr�wmj�{ � � �ac ��e^�S���4~�j��qn
�0y/~/��x�~ ��w��q~¦oS~¦ovwmx�~ wm��l�k��
xL¡S�v��~���w©o-rz�
¡4k�/rt�
r�w©svk�w��
x
j�{©oS~¦yq{mx
j�~�� � ������
� ��� 
! � �
! � � 
���� � �����	� �� ����� � �"��� � � ��� � � �
	 ��
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% s§yqw��/�S�Yj�~/y��Ssvk�w��
x�~�j
rtr��«k�j �Srtx�k�j
�S�t�Sr�w�l¥k��
x��
x
�vo-r�wmx�{ j�~/y��Ssvk�w��
x�~�j�~qw¦rtsvoS~�¡4~�svoS~�s�x�{¦oS~
x�~��axqn
�#�,�
x
�vo-r�wmx8¡4~�j�l�k�j
� wmsS��~��z~%�¦k�oS~��z~��zk�j oS~���k�j �Srtx�k�j
r�y�j�~qwmx�~%y���w  ��Sx�k�j
�S�ªo-r�l�~�j
r�|
x�~��zk�j0x�~��SsSrzy�rYoS~du�j
�S¡�wmj�~�n g�rt¡S�S�YoS~8�¦k�oS~��Wwm�z~/�0oS~�¡SrtsvoS~ �
r1oS~8s��S� {mj
�S��oS~d��k�j �Srtx�k�j
r£�
¡Sj�~/y��S� ��r�oS~�yqwms�x
rtx�wmx�~qwMoS~©� wmx�~�j
r�wm�dwm�vo-rzkMo-rz�
¡4k�sSr��Srt�£nH�(k�oS~��z~��z~ �d�(� wm�O� wmr

�q¢�¨
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�

���S�t�
rY¡�wmj�wm�¦~�x
j
r£��oS~/y�r1sv~/y/~/�
rtx�{�k�yqwms�x
rtx�wmx�~L� wmr1� wmj�~ oS~Lovwmx�~d¡4~�s�x
j
��~/�
x
rt� wmj�~qw j�km|
�S�v�
x�{%w�¡�wmj�wm�¦~�x
j
rt�zk�j��¦k�oS~��z~��zk�jqn �^� l�k��
xi��x
�vo-r�wmx�~^�¦k�oS~��z~��z~LoS~^�«k�j �Srtx�k�j
r�o-rts!¡S�Ssvy�x
oS~!�«~/oS~�j�~�wm��y/k�sS�
rts��Sx
�S�t�Sr�l�k�sv~�x
rzy�n?bd~/k�wmj�~/y/~§���S�t�
r^wm�Sx�k�j
r#�
x�w��Srt�z~/��y§o-rt�¦~�sv�
rt�Ssv~qw
�¦k�oS~��t�S�t�Sr 1 s��S� {mj
�S�0y/k���¡4k�sv~�s�x�~��zk�j�u«wm�v����rz~�sv~��ªj�~/�
¡4~/y�x
rt�Ms��S� {mj
�S�0y��t�v�
x�~�j�~��zk�j 3 �zs
l¥�Ssvy��
rz~!oS~ s��S� {mj
�S��l�k�sv~��¦~��zk�j �Ssv~�r��trt���Sr£�`wm� �«~¤j�r ��y/wmx¦ovw�yq{�l¥k�sv~��¦~��z~��\j�~/��¡4~/y�x
rt�
yqwmx�~�u�k�j
rtrt�z~ l�k�sv~�x
rzy/~��
�SsaxL��~�¡�wmj�wmx�~ �zs�y/k���¡4k�sv~�s�x�~��z~ w�y/~/�
x�k�jL�¦k�oS~��z~�n Z�~�s�x
j
��w ~��tr�|
��rts�w ~¤l¥~/y�x
�S��oS~�y/k�wmj
x
rzy��S��wmj�~��aoSr�s¦l¥k�sv~��¦~^wm��l�k��
x��t��wmx�~$�zs y/k�sv�
rzoS~�j�wmj�~^oSk�wmj\��r  ��zk�y��S�
w�y/~/�
x�k�j�w-��yqwmj�~Ls����
�Ss�x#w l�~/y�x�wmx�~ oS~ y/k�wmj
x
rzy��S��wmj�~�n ���Sj
¡Sj
rts � {mx�k�jq���¦k�oS~��z~��z~ s�����~�¡�wmj�{
x�k�wmx�~�yqwmx�~�u�k�j
rtrt�z~�oS~§l�k�sv~��¦~���� wmrLwm�z~/� �«k�yqwm�z~��z~��
r8��~���rt�«k�yqwm�z~��z~����Ss�x �z��¡Sj�{��
x
r�wmx�~
�zs�� wmr\���S�tx�~¦y/k���¡4k�sv~�s�x�~�n Z�k�j
sSrtsvoMoS~ ��w§w�y/~/�
x�~��a¡4~�j
rt�¦~�s�xq�ªwm� ��~�j
r���yqwmx ¡4~�j�l�k�j�|
� wmsS��~��z~��¦k�oS~��z~��zk�jL�
x
j
�vy�x
�Sj�wmx�~�¡4~�yqwmx�~�u�k�j
rtrWl�k�sv~�x
rzy/~�n8�ik�svy��t� �/r�w ~/�
x�~�yq{-���Sx
rt�tr�� 'msvo
oSk�wmj�yqwmx�~�u�k�j
r�w©l¥k�sv~�x
rzyq{§�
r\y/k�sv�
x
j
�Srtsvo��¦k�oS~��z~ y�� 6 y/k���¡4k�sv~�s�x�~ u«wm�v���
rz~�sv~���w�y/~/�
x�~
�¦k�oS~��z~���k�j8wq��~qw�¡4~�j�l¥k�j
� wmsS��~%�
rt��rt��wmj�~�y����¦k�oS~��z~��z~�k�Srz�
s��Srtx�~�n �#� y/k�sv�
x
rtx
�Srtx#�trz�
x�w
�«k�j �Srtx�k�j
rt�zk�j0rzoS~�s�x
r���yqwm�
r �zs!�¦k�o rtsvy/k�j�~/y�x#wmx�'mx0��w��¦k�oS~��z~��z~ k�Srz�
s��Srtx�~��d��� y�'mx0�
r��zw
�¦k�oS~��z~��z~i�
x
j��vy�x
�Sj�wmx�~`¡4~ yqwmx�~�u�k�j
rtral¥k�sv~�x
rzy/~�n�bd~/k�wmj�~/y/~iy/~��z~`oSk���{^�
rz�
x�~��¦~ ¡Sj�k�o-�vy �trz�
x�~
o-r�l�~�j
rtx�~���w�y/~���x�~�oSk���{¦x
rt¡S�Sj
r�oS~��¦k�oS~���{mj
r�wmj^¡S�Sx�~qw�� y/k����Srts�wmx�~��zs���y/k�¡S�S�Wj�~qwm�tr�� {mj
rtr
�Ss��Sr��
rz��x�~�� � wmrY¡4~�j�l¥k�j
� wms�x n ��y/~/�
x#w���¡4~/y�x0j�{m� 'msv~�k¦o-rtj�~/y��
rz~ oS~ y/~�j�y/~�x�wmj�~�n
�^s wm�tx`w��
¡4~/y�x ��x
�vo-r�wmx��zs w�y/~/w���x�{d�t�vy�j�wmj�~^w^l�k��
x�¡S�Sx�~�j�~qw oS~�o-rz��y�j
rt��rts�wmj�~^wLo-r�l¥~�j
r�|

x�~��zk�j`yqwmx�~�u�k�j
rtrvl¥k�sv~�x
rzy/~�n��^�Uj�~��v�
rtx ��{dk�j�oSk�s�{m�Eu�j
�S¡4~��z~0l�k�sv~�x
rzy/~0¡4~$��w�� wd¡S�Sx�~¤j�r�r��zk�j
oS~ o-rz��y�j
rt��rts�wmj�~��vs�w�� wm�z~��z~��
r1�«k�yqwm�z~��z~ oS~��¦k�sv�
x
j�'msvo-�-|}��~Ll¥k�wmj
x�~
�S�Ssv~
�zs(w�y/~/�
x#��y/k�¡Yn
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bd~/�
r�~��-rz�
x�{ � wmr����S�tx�~ w��4k�j�ov{mj
r\wm�z~ w�y/~/�
x�~�r�¡Sj�k�S�z~��¦~��1y/k���¡4k�sv~�s�x�~���~��1yqwmj�~�x
j�~ �S�Srz~
j�~qwm�tr�� wmx�~$�zs yqw��/�S�4w�y/~/�
x�k�j`�
rz�
x�~��¦~0j�~�¡Sj�~ �/rts�x�{ oS~f �wd�Ss �
x�wmsvovwmj�o1n�Z�j
rt� w ovwmx�{dx
j�~ �S�Srz~
��~��z~/y�x�wmx�{��SsSrtx�wmx�~qw�w�y��v�
x
rzyq{-��yqwmj�~!��w(�R�¦k�oS~���wmx�{��
r#wm¡4k�r#��~§wms�x
j�~�sv~qw�� {��¦k�oS~��z~��z~
w�y��v�
x
rzy/~�n�Z�j�k�S�z~�� w#�Sj
� {mx�k�wmj�~���yqwmj�~\x
j�~ �S�Srz~ j�~ �qk��t��wmx�{-��~/�
x�~\�¦k«ov~¤��wmj�~qw#�trt����w  f�S�t�Sra�
r
j�~�¡Sj�~ �q~�s�x�wmj�~qw��«k�yqw��S�S��wmj
�S�t�Sr4�trt���Srtr£n�b8�S¡�{ y/~^w�y/~/�
x�~#oSk���{ ¡Sj�k�S�z~��¦~^�
�Ss�x j�~ �qk��t��wmx�~��
��~�¡4k�wmx�~ rt��¡S�z~��¦~�s�x�w?kFx�~��SsSrzyq{FoS~ oS~/y/k�ovwmj�~��dyqwmj�~�~/�
x�~ oS~�l�wm¡Sx©kF¡Sj�k�S�z~�� {FoS~
yq{m�Sx�wmj�~�y��§k¦��~�j
rz~ oS~Ly/k�sv�
x�j�'msSu�~�j
r£n

�^� j�~qwm�tr�� wmx!k���~�j
rz~(oS~(~��a¡4~�j
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